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Abstract

This study proposes a simulation-based Deep Deterministic Policy Gradient (DDPG) framework for water-quality control in nano aquatic
systems. Nano tanks are highly sensitive to small disturbances because their limited water volume reduces buffering capacity and causes rapid
changes in dissolved oxygen, ammonia, pH, temperature, biological oxygen demand, and chemical oxygen demand. To represent these coupled
dynamics, a nonlinear simulation model adapted from the Continuously Stirred Tank Reactor concept is developed and implemented as an
OpenAl Gym-compatible reinforcement learning environment. The DDPG agent learns continuous control actions related to aeration, feeding,
and filtration through repeated interaction with the simulated nano-tank environment. The proposed nonlinear CSTR-DDPG framework is
evaluated against a linear-model DDPG baseline using RMSE, cumulative reward, and closed-loop control performance. Simulation results show
that the nonlinear model reduced RMSE by 45.2% for dissolved oxygen, 64.0% for ammonia, and 61.3% for pH compared with the linear
baseline. The DDPG agent also achieved a 41.7% higher cumulative reward under the same reward structure. These findings indicate that
nonlinear simulation can provide a more informative training environment for DDPG-based water-quality control. However, the present study
remains limited to simulation-based evaluation, and physical validation using calibrated sensors, actuators, communication-delay analysis, and
real nano-tank experiments is required in future work.
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1. Introduction

Aquatic micro-ecosystems such as nano tanks are small volume aquatic environments that are increasingly used for
educational, experimental, and small-scale aquaculture purposes [ 1], [2]. A nano tank generally refers to a small aquatic
system with a water volume below 30 L, where limited water volume makes the ecosystem highly sensitive to small
environmental and operational disturbances. In such systems, minor changes in feeding intensity, aeration, filtration,
or ambient temperature may rapidly affect dissolved oxygen (DO), ammonia concentration, pH, temperature, biological
oxygen demand (BOD), and chemical oxygen demand (COD) [3], [4], [5]. Because the buffering capacity of a nano
tank is much lower than that of larger aquaculture systems, water-quality instability may occur within a relatively short
period and may negatively affect aquatic organisms.

The main challenge in controlling water quality in nano aquatic systems lies in the nonlinear and interdependent
relationship among physicochemical and biochemical parameters [6]. Excessive feeding, for example, may increase
organic load and ammonia concentration. Increased ammonia may then stimulate nitrification processes, consume
dissolved oxygen, and influence pH stability [7]. Temperature variation can further affect oxygen solubility and
biochemical reaction rates, thereby modifying the interaction among DO, ammonia, and pH [8]. These interactions
show that water quality variables in nano tanks cannot be treated as isolated parameters. Instead, they form a coupled
dynamic system in which a disturbance in one variable may propagate to other variables and affect the overall stability
of the aquatic environment [9], [10]. Conventional control approaches, including proportional-integral-derivative
(PID), programmable logic controller (PLC)-based systems, and fuzzy rule-based control, have been widely used in
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the water management and aquaculture systems because of their simplicity, interpretability, and relatively low
computational requirements [11]. However, these methods are inadequate for nano-scale systems, where
physicochemical and biological processes exhibit strong nonlinearity, rapid time-scale interactions, and tight
interdependence among parameters [ 12]. Since this study does not experimentally compare the proposed method with
tuned PID or fuzzy controllers, it does not claim direct superiority over these methods. Instead, the present work focuses
on developing and evaluating a simulation-based reinforcement learning framework for adaptive water quality control
under nonlinear nano tank dynamics.

Reinforcement learning (RL) is suitable for sequential decision-making problems because an agent learns to select
actions through repeated interaction with an environment and receives feedback in the form of reward or penalty [13].
In water-quality control, RL can be used to determine adaptive operational actions, such as adjusting aeration, limiting
feeding input, or modifying filtration intensity based on the current condition of the aquatic system [14]. Among RL
algorithms, Deep Deterministic Policy Gradient (DDPG) is particularly relevant for continuous-control problems
because it combines an actor network for generating deterministic continuous actions and a critic network for evaluating
the long-term value of state-action pairs [15], [16]. This characteristic makes DDPG appropriate for nano aquatic
systems, where actuator decisions may require gradual adjustment rather than only discrete on/off actions.

Nevertheless, the performance of an RL controller depends strongly on the quality of the simulation environment used
during training. If the environment is too simplified, linearized, or weakly specified, the learned policy may become
biased toward assumptions that do not sufficiently represent the actual nonlinear water-quality dynamics [17], [18].
This issue is particularly important in nano aquatic systems because the interactions among DO, ammonia, pH,
temperature, BOD, and COD are sensitive to small changes in feeding, aeration, filtration, and ambient conditions.
Therefore, a nonlinear simulation environment is needed to train and evaluate DDPG policies before any physical
implementation is attempted.

To address this issue, this study proposes a simulation-based DDPG control framework for water-quality management
in nano aquatic systems. The framework uses a nonlinear simulation model adapted from the Continuously Stirred
Tank Reactor (CSTR) concept to represent the coupled dynamics of key water-quality variables. The state space
consists of DO, ammonia, pH, temperature, BOD, and COD, while the action space includes controllable decisions
related to aeration, feeding, and filtration. The simulation environment is implemented using an OpenAl Gym-
compatible structure, allowing the DDPG agent to interact with the environment through the standard state-action-
reward-next-state mechanism.

In this framework, DO, ammonia, and pH are treated as the primary controlled indicators because they directly reflect
short-term water-quality safety. Temperature, BOD, and COD are included as supporting state variables because they
influence the transition dynamics of the primary indicators. Temperature affects oxygen solubility and reaction rates,
BOD reflects organic oxygen demand, and COD represents the broader oxidizable load in the system. Including these
variables allows the DDPG agent to evaluate water-quality conditions more comprehensively and to learn control
actions based on the multivariable state of the nano aquatic environment.

The research gap addressed in this study is the lack of a clearly formulated nonlinear simulation-based DDPG
framework for water-quality control in nano aquatic systems. Previous studies have explored machine learning,
reinforcement learning, water-quality monitoring, and aquaculture control in broader contexts [17], [19], [20], [21].
However, fewer studies have focused specifically on nano aquatic systems, where small water volume creates rapid
fluctuations and strong coupling among water-quality variables. Moreover, many existing approaches emphasize
monitoring or prediction, while fewer provide a structured simulation environment in which nonlinear water-quality
dynamics, continuous control actions, reward formulation, and DDPG learning are evaluated together.

Therefore, the objectives of this study are fourfold: first, to formulate a nonlinear CSTR-based simulation model for
representing nano aquatic water-quality dynamics; second, to construct an OpenAl Gym-compatible reinforcement
learning environment using the state-action-reward-next-state structure; third, to train a DDPG agent for simulation-
based control of aeration, feeding, and filtration actions; and fourth, to evaluate the proposed framework using
prediction error, cumulative reward, and safety-oriented control behavior.
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The main contributions of this study are threefold. First, it presents a nonlinear simulation model for representing the
coupled dynamics of water-quality parameters in nano aquatic systems. Second, it integrates the model with a DDPG-
compatible reinforcement learning environment for continuous control learning. Third, it evaluates the simulation-
based control performance of the DDPG agent against a linear model-based baseline. The scope of this study is limited
to simulation-based evaluation; physical implementation using calibrated sensors, actuators, communication-delay
analysis, and closed-loop hardware testing remains a direction for future work.

2. Methodology

This study develops a simulation-based control framework for maintaining water-quality stability in nano aquatic
systems using DDPG. The proposed framework consists of three main components: (i) a nonlinear CSTR-based
simulation model representing the coupled water-quality dynamics of the nano tank, (ii) an OpenAl Gym-compatible
reinforcement learning environment based on the state—action—reward—next-state structure, and (iii) a DDPG agent for
learning continuous control actions. The overall research workflow is illustrated in figure 1.

Define nano-tank variables and safety targets

'

Define state and continuous action spaces

!

Formulate nonlinear CSTR water-quality model

'

Add bounded disturbances and action constraints

'

Discretize the model using RK4

'

Develop the Gym-compatible environment

v

Configure and train the DDPG agent

.

Compare nonlinear CSTR-DDPG with linear-model
DDPG

v

Evaluate RMSE, cumulative reward, control behaviour,
and sensitivity

Figure 1. Research workflow of the proposed nonlinear CSTR-DDPG framework.

The methodological workflow consists of five stages. First, water-quality variables and control variables are defined
based on the nano aquatic system. Second, a nonlinear simulation model is formulated to describe the interaction among
dissolved oxygen, ammonia, pH, temperature, BOD, and COD. Third, the simulation model is implemented as a
reinforcement learning environment. Fourth, the DDPG agent is trained through repeated interaction with the
environment. Fifth, the control performance is evaluated using RMSE, cumulative reward, and safety-oriented control
behavior. The evaluation in this study is limited to simulation-based experiments. Physical closed-loop implementation
using calibrated sensors, actuators, communication-delay analysis, and real nano-tank hardware testing is not included
in the present scope.
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The process begins with defining the nano-tank state variables, control actions, safety limits, and reference values. A
nonlinear CSTR-based model is then formulated and discretized using the fourth-order Runge—Kutta method. The
resulting model is implemented as a gym-compatible reinforcement learning environment. Subsequently, the DDPG
agent is configured and trained to determine continuous aeration, feeding, and filtration actions. Finally, the trained
policy is compared with the linear-model DDPG baseline using RMSE, cumulative reward, closed-loop control
behaviour, and hyperparameter sensitivity.

2.1. State and Action Representation
The system state is defined as a continuous vector representing the key water-quality parameters:

s¢ = [DOy, NH3 ¢, pHy, Ty, BOD,, COD| (1)
DO, denotes dissolved oxygen, NH3; denotes ammonia concentration, pH, denotes acidity level, T; denotes water

temperature, BOD, denotes biological oxygen demand, and COD, denotes chemical oxygen demand at time step t.

In this formulation, DO, ammonia, and pH are treated as the primary controlled indicators because they directly reflect
short-term water-quality safety in the nano tank. Temperature, BOD, and COD are included as supporting state
variables because they affect the transition dynamics of the primary indicators through oxygen solubility, organic
oxygen demand, biochemical reaction rates, and oxidizable pollutant load.

The control action vector is defined as:

ag = [uaer,t: Ufeed,t ufilter,t] ()

Uger,t 18 the aeration control, Useeq ¢ 18 the feeding control, wg;jser ¢ is the filtration control at time step t. All control
variables are modeled as continuous actions to enable fine-grained adjustment by the RL agent.

The action bounds are explicitly defined to ensure that the DDPG agent operates within physically meaningful and
safety-constrained limits. The control variables, allowable ranges, and physical interpretations used in the simulation
are summarized in table 1.

Table 1. Control Action Space and Safety Bounds

Control action Symbol Range Interpretation

Aeration intensity Uger ¢ [0,1] normalized aerator intensity
Feeding input Useed,t [0,0.1]g feeding amount per control interval
Filtration intensity Ugittert [0,1] normalized filtration intensity

All actions are clipped to their allowable ranges before being applied to the simulation model. Feeding is interpreted
as a feeding-scheduling control variable rather than an unlimited stabilizing actuator. Therefore, the safety layer
prevents feeding from increasing when ammonia or organic load approaches unsafe conditions.

d, = clip(a¢, amin, Amax) 3)

Were
Amin = [0:0:0], Amax = [1,0.1,1] (4)

Thus,
ae = [aaer,t: afeed,tl ﬁfilter,t] ®)]

is the safety-bounded action vector applied to the nonlinear simulation model.

Action clipping was used as a simple safety layer to prevent the DDPG policy from applying physically infeasible or
unsafe control actions. However, clipping may bias the learned policy when the actor frequently proposes actions
outside the feasible range. In this study, clipping was retained to ensure safe simulation behaviour, while more formal
constrained reinforcement learning methods are left for future work.
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2.2. Nonlinear CSTR-Based Simulation Model

The nano aquatic system is modelled as a nonlinear dynamic system adapted from the CSTR concept. The CSTR
assumption is used as a computational approximation in which the small water volume is treated as a well-mixed
compartment, allowing the interaction among water-quality variables to be represented through coupled differential
equations [22].

In this study, the CSTR formulation is used as an analytical and simulation-based approximation, not as a physical
reactor equipped with a mechanical stirrer. The complete-mixing assumption is justified by the small tank volume and
by the continuous circulation generated by aeration bubbles and filtration flow. These mechanisms promote water
movement and reduce spatial concentration gradients in the nano tank. Therefore, each state variable is interpreted as
the average tank condition at a given control interval. Nevertheless, this assumption may be less valid for tanks with
stagnant regions, weak aeration, irregular layouts, or heterogeneous biological distribution. For this reason, the
proposed model should be interpreted as a simplified mechanistic representation for simulation-based reinforcement
learning, rather than a complete spatial model of all nano-tank configurations.

The nonlinear equations were formulated using simplified mass-balance and water-quality interaction principles. The
oxygen dynamics include aeration-dependent oxygen transfer, respiration-related oxygen loss, nitrification-related
oxygen consumption, and organic-load oxygen demand. The ammonia dynamics include feeding input, nitrification
removal, and filtration-related reduction. The pH dynamics approximate the acidifying effect of nitrification and the
stabilizing effect of buffering. Temperature, BOD, and COD are included as supporting state variables because they
influence oxygen solubility, biochemical reaction rates, and pollutant-load dynamics.

The nonlinear formulation was developed to represent the sensitivity of small-volume aquatic systems, where minor
changes in feeding, temperature, or aeration may produce disproportionate changes in DO, ammonia, and pH. In
particular, the oxygen transfer coefficient depends on aeration and temperature, respiration is temperature-dependent,
nitrification couples ammonia reduction with oxygen consumption, and BOD/COD terms represent the organic load
generated by feeding and waste accumulation. Thus, the nonlinear model is intended to provide a more expressive
training environment than a purely linear transition model.

The nonlinear model was evaluated using a 30-day nano-tank dataset from a 25 L experimental setting under controlled
disturbances, including feeding variation and ambient-temperature variation. The dataset was divided using an 80:20
hold-out validation scheme, where 80% of the data were used for model fitting and 20% were used for validation. This
validation was performed to assess whether the nonlinear simulation model could approximate observed water-quality
trajectories before being integrated into the DDPG environment. However, the DDPG policy itself has not yet been
deployed as a real-time physical closed-loop controller; therefore, the control results remain simulation-based. The
general state transition is expressed as:

Ser1 = F(sp, a6, 8r) (6)

F(-) represents the nonlinear transition function, s; is the current state, a; is the control action, and &; represents
external disturbance.

The external disturbance term &, represents unmodelled fluctuations in the nano tank, such as small feeding
irregularities, ambient-temperature variation, sensor perturbation, and biological variability. In the simulation, the
disturbance is added to the state-transition equation as a bounded stochastic perturbation. Its purpose is to prevent the
agent from learning only deterministic trajectories and to improve robustness against uncertain operating conditions.
During evaluation, the same disturbance-generation rule is applied consistently to both the nonlinear CSTR-DDPG
framework and the linear-model DDPG baseline. The DO dynamics are represented as:

dDO

e Kiqa(Uaers, T)(DO* — DO) — kyesy(T)DO — kpi(NHz, DO, T)DO — kpop(BOD, T)DO + &py (7)

K La(uaer_t,T)is the aeration-dependent oxygen transfer coefficient, DO is the saturated dissolved oxygen level,
kyesp (T) represents temperature-dependent respiration loss, ky;: (NH3, DO, T) represents oxygen consumption due to
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nitrification, kgop(BOD,T) represents oxygen demand due to organic load, and &, denotes disturbance in DO
dynamics. The main nonlinear coefficient functions are specified as follows:

T—25
KLa(uaer,t; Tt) = KLa,O + KLa,maxuaer,tgc(zesﬁ )
T—25
kresp(Tt) = kresp,OeﬁeEsp )
NH3 DO, (T,—25) (8)
k,i:(NH3;+,DO,, T;) = k,; - ( )Q.t
nlt( 3,t t t) nit,0 <KNH3 + NH3_t> KDO + DOt nit
BOD, (T;—25)
k BOD, T, =k (—> 4
BOD( t t) BOD,0 KBOD+B0Dt BOD

These expressions allow the oxygen-transfer, respiration, nitrification, and organic-load effects to vary with the current
state of the nano tank instead of remaining constant as in a linear transition model.

The ammonia dynamics are expressed as:

dNH;
dt

Jfeed (ufeed) represents ammonia contribution from feeding input, k,;;(NHs, DO, T) represents ammonia removal

= Yfeed (ufeed) — kyit(NH3, DO, T)NH; — kfilter(ufilter)NH3 + fNH3 (®)

through nitrification, and kgjj¢er (ufl-lter) represents filtration-related ammonia reduction. The feeding and filtration
terms are defined as:

Yfeed (ufeed,t) = NreedUfeed,t ©)

kfilter(ufilter,t) = kfilter,oufilter,t
Nreea 1s the ammonia-load conversion coefficient from feeding input and kf;jzer o is the maximum filtration-related
removal coefficient.
The pH dynamics are represented as:
dpH
dt

tnie represents the effect of nitrification on pH reduction, pH,..s is the reference pH value, and S,y is the buffering

= _a’nitknit(NHS:DO'T) + BpH(pHref - pH) + pr (10)

coefficient. In the simulation setting, the pH reference is set near the neutral operating condition used in the reward
function.
The temperature dynamics are expressed as:

dT

EZAT(Tamb -T)+¢r QY
T.mp denotes ambient temperature and A represents the heat-exchange coefficient between the water and surrounding
environment.

The BOD and COD dynamics are represented as:

dBOD

“dt = Y9Bop (ufeed,t) - kdeg (BOD:, DO, T )BOD; — kfilter,BOD (ufilter,t)BODt + ¢gop
dcoD (12)
—ar ~ 9Jeop (ureear) = kcop(CODy, T)COD: — kuter cop (Usiter,e)COD: + Ecop

Jsop (ufeed) and gcop (ufeed) represent organic-load contribution from feeding, while the degradation and filtration
terms represent the reduction of organic and oxidizable loads.
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To improve reproducibility, the main nonlinear model parameters, units, values or ranges, and implementation
assumptions are summarized in table 2. The values are reported as simulation settings or calibrated ranges used to
define stable nano-tank dynamics.

Table 2. Main nonlinear model parameters and simulation settings

Parameter Description Unit Value/range used Source/assumption
|4 Nano tank volume L 25 Experlmentgl nano-tank
setting
At Control interval min 6 Sensor/cp ntrol sampling
interval
DO* Saturated di:/(;llved oxygen mg/L 8.0 Safe operating reference
pHyer Reference pH value pH unit 7.2 Reward-function target
Baseline and maximum Simulation baseline &
K100, Kiamax aeration oxveen transfer interval’! 0.03; 0.25 Aeration-response
e assumption
Oaers Hresp, Ot Temperature correction . . 1.02; 1.03; 1.04; Temperature-response
Ogsop factors dimensionless 1.03 assumption
Baseline respiration loss . 1 Calibrated simulation
kyresp,o coefficient interval 0.005-0.030 range
Maximum nitrification . R Calibrated simulation
knito coefficient interval 0.010-0.080 range
Half-saturation constants for ) Nitrification-response
Kns Koo nitrification mg/L. 0.05; 2.0 assumption
kgopo Ox}l?;:sléﬁnigf;?gz?en " interval! 0.005-0.050 Organic-load assumption
Kgop Half-satgrgtll)ogf(;gistant for mg/L 5.0 Organic-load assumption
Ammonia-load conversion . Feeding-response
Mfeea from feeding input mg/LL per interval 0.00-0.08 assumption
' Maximum ammonia . 1 Filtration-response
Kriter.o removal by filtration interval 0.12 assumption
QAnit» pH nitrification and pH unit per 022: 0.07 Calibrated pH-response &
Bpn buffering coefficients interval; interval! D buffering coefficient
Ambient heat-exchange . 1 Ambient-temperature
Ar coefficient interval 0.01-0.05 response assumption
K K BOD and COD degradation interval”l 0.005-0.030; Calibrated simulation
deg’ “-COD coefficients 0.003-0.020 range
. N(0,0.052), Bounded stochastic
$po DO disturbance mg/L clipped to +0.10 disturbance
o N(0,0.0022), Bounded stochastic
Sy Ammonia disturbance mg/L clipped to +£0.005 disturbance
. . N(0,0.012), Bounded stochastic
Spi pH disturbance pH unit clipped to £0.03 disturbance
. o N(0,0.102), . .
& Temperature disturbance C clipped to £0.20 Ambient disturbance
. . +2% of current Bounded stochastic
EsoprEcop Organic-load disturbance mg/L value disturbance

Nitrite is not included as a direct state variable in the DDPG observation vector. Its effect is represented through the
lumped nitrification term ky;;(NH3, DO, T), thereby avoiding an unobserved state variable in the reinforcement
learning formulation. This simplification reduces the dimensionality of the control problem, but it also limits the
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model’s ability to explicitly describe intermediate nitrification dynamics. Therefore, future work should extend the
state representation to include nitrite and nitrate when reliable sensor data are available.

2.3. Numerical Discretization and Environment Implementation

The continuous-time system is discretized using the fourth-order Runge-Kutta method. Let f(s¢, a;) denote the right-
hand side of the nonlinear dynamic model. The RK4 update is defined as:

ky = Atf(s¢, aq)
1
k, = Atf (st 5k at)

1
ks = Atf (st + Ekz,at> (13)
ky = Atf(s¢ + k3, ar)
1
St+1 = St + g(kl + 2k2 + 2k3 + k4,)

The simulation time step is set to At = 6 minutes, following the control interval used in the nano-tank simulation
setting. The episode is terminated when the system reaches a critical unsafe condition, specifically when DO < 2 mg/L
or NH; > 1 mg/L. The simulation model is implemented as a custom OpenAl Gym-compatible environment. The
environment follows two main functions. The reset() function initializes the state at the beginning of each episode,
while the step(action) function applies the action, updates the state using RK4 integration, computes the reward, checks
safety termination, and returns the tuple:

(St+1,Re, done,info) (14)
Algorithm 1. Nonlinear CSTR-Gym Environment Step

Input: current state s_t, action a_t, time step At
Output: next state s_{t+1}, reward R_t, termination flag done, information info
1. Receive action a_t from the DDPG actor network.
2. Clip the action into the allowable range:
a_t«clip(a_t,a min, a_max)
3. Extract control variables:
u_aer,t <« aeration intensity
u_feed,t <« feeding input
u_filter,t « filtration intensity
4. Apply the action to the nonlinear CSTR-based simulation model.
5. Update the state using RK4 integration.
6. Update the state:
s {t+1} =s t+(1/6)(k 1 +2k 2+2k 3+k 4)
7. Compute reward R_t using the water-quality reward function.
8. Check unsafe termination:
if DO _t<2orNH3 t>1:
done < True
else:
done « False

9. Return (s_{t+1}, R t, done, info).
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This structure allows the DDPG agent to interact with the nano aquatic simulation environment in a standard reinforcement
learning workflow.

2.4. Reward function

The reward function is explicitly formulated to penalize unsafe water-quality deviations while encouraging stable and
smooth control actions. The total reward at time step t is defined as:

Ry = WpoRpo,t + Wyr, Ry, e + WpnRpre + WuRy e + WsRgare (15)

Rpo,t> Ry, e> and Rpy ¢+ represent the reward components for the primary controlled variables, R, ; penalizes excessive
action variation, and R, s, penalizes unsafe states.

The dissolved oxygen reward is defined as:

1, 5<D0,<8
Rpo = _1DO =651 Gherwise (o)
6.5 ’

The ammonia reward is defined as:

1, NH3. < 0.02
Ryp, e = { -1, NH;;>05 (17)
—NHst,  otherwise
The pH reward is defined as:

P 1, 6.5 < pH,; < 8.0 (18)
pHE™ _w, otherwise
The smooth-control penalty is defined as:
Ry =—lla; — ac-1113 (19)
and the safety penalty is defined as:
R _ {_1, DOt < 2 or NH3't > 1 (20)
safet = o, otherwise
The reward weights are set as:
Wwpo = 0.25, wyy, = 0.30, wpy = 0.20, w,, = 0.10, wg = 0.15 (21)

The reward weights were selected based on safety-oriented control priorities and preliminary simulation trials.
Ammonia was assigned the highest weight because ammonia accumulation is a critical toxicity indicator in small-
volume aquatic systems. Dissolved oxygen and pH were also given high weights because they directly reflect short-
term water-quality safety. The action-smoothness term was assigned a lower weight to discourage abrupt actuator
changes without dominating the main water-quality objectives. The safety penalty was included to discourage critical
unsafe states. These weights were not obtained through automatic optimization; therefore, the effect of reward-weight
selection is acknowledged as a limitation and should be further examined through systematic sensitivity analysis in
future work.

2.5. DDPG-based training procedure

The control problem is formulated as a continuous-state and continuous-action Markov Decision Process (MDP) [23],
[24]. At each step, the agent observes the state s;, selects an action a;, receives a reward R;, and observes the next state
S¢+1- DDPG is employed because it is suitable for continuous control problems [15], [25]. The algorithm uses an actor,
critic structure. The actor network 7y (s) maps the current state to a deterministic action, while the critic network
Q4 (s, a) estimates the value of the state-action pair. The target value for critic learning is computed as:

ye =R +y(1— dt)Q¢’(5t+1:”9’(5t+1)) (22)
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y is the discount factor, d; is the termination indicator, and Q4 and mg/ are the target critic and target actor networks.

The critic network is updated by minimizing;:

L($) = E[(Qp(se,a) = ¥:)'] (23)

The actor network is updated using the deterministic policy gradient:

1
Vo] = mz VaQgy(s,a) | a=mg(s) VoTo(s) (24)

SEB

Target networks are updated using soft update:

¢’ (1-1)¢" +71¢

(25)
' «(1—-1)0"+10

The DDPG training procedure followed the standard actor—critic workflow. At each time step, the actor selected a
continuous action with Gaussian exploration noise, the action was clipped to the allowable bounds, and the environment
returned the next state, reward, and termination flag. The transition (s;, a¢, R¢, S¢41, d¢) Was stored in the replay buffer.
Mini batches were then sampled to update the critic using the Bellman target and to update the actor using the
deterministic policy gradient. Target networks were updated using the soft-update coefficient 7.

To improve reproducibility, the DDPG architecture, optimization settings, exploration strategy, and computational
configuration are summarized in table 3. The same training configuration was used for both the nonlinear CSTR-DDPG
framework and the linear-model DDPG baseline.

Table 3. DDPG architecture and training configuration

Component Setting

Algorithm DDPG

State dimension 6

Action dimension 3

Actor network & Critic network MLP, 2 hidden layers, 256 neurons each, ReLU activation
Optimizer Adam

Actor learning rate 1x10™*

Critic learning rate 5x107*

Replay buffer size 100,000 transitions

Learning starts 1,000 transitions

Batch size 128

Discount factor (y) 0.99

Soft update coefficient (1) 0.005

Exploration strategy Gaussian action noise, (¢ = 0.05)

State normalization Min-max normalization

Action constraint Clipping to predefined safety bounds

Training length 200,000 timesteps

Evaluation policy Deterministic actor without exploration noise
Software/hardware Python-based Gym environment, 16 GB RAM/cloud environment

The actor and critic networks were implemented as multilayer perceptrons with two hidden layers of 256 neurons each
and ReL U activation functions. Adam optimization was used for both networks. Gaussian action noise with o = 0.05
was used during training, while deterministic actor output was used during evaluation. No adaptive noise decay was
applied in this study.
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2.6. Baseline and performance evaluation

To avoid ambiguity in the comparison, the proposed method is evaluated against a linear model-based DDPG baseline.
The proposed method uses the nonlinear CSTR-based simulation environment, while the baseline uses a linearized
transition model with the same state variables, action variables, reward function, and DDPG training procedure. The
primary evaluation metric is Root Mean Square Error (RMSE), defined as:

RMSE = (26)

y; is the target or observed reference value and J; is the simulated controlled value. RMSE is computed for DO,
ammonia, and pH. Cumulative reward is also used to evaluate the learning effectiveness and stability of the DDPG
policy.

3. Results

3.1. Simulation-Based RMSE Evaluation

The first evaluation examined the closed-loop tracking performance of the nonlinear CSTR-DDPG framework and the
linear-model DDPG baseline. Both methods used the same state variables, action variables, reward function, training
length, and evaluation procedure. The only difference between the two approaches was the transition model used by
the reinforcement learning environment. Therefore, the comparison was designed to evaluate the influence of the
nonlinear simulation environment on policy learning, rather than to validate the model against physical water-quality
measurements.

RMSE was computed between the controlled simulated trajectories and the predefined safe reference values for the
three primary water-quality indicators: dissolved oxygen, ammonia, and pH. The reference values were selected from
the target operating ranges used in the reward function, namely DO near 6.5 mg/L, ammonia close to 0 mg/L, and pH
near 7.2. The RMSE comparison between the linear-model DDPG baseline and the nonlinear CSTR-DDPG framework
is presented in table 4. Thus, the reported RMSE values represent simulation-based reference tracking errors and should
not be interpreted as measurement errors against real nano-tank observations.

Table 4. Simulation-based RMSE comparison between linear-model DDPG and nonlinear CSTR-DDPG

Nonlinear Model CSTR-DDPG

Parameter Linear Model DDPG RMSE RMSE RMSE reduction
DO 1.24 mg/L 0.68 mg/L 45.2%
NH; 0.25 mg/L 0.09 mg/L 64.0%
pH 0.31 0.12 61.3%

As shown in table 4, the nonlinear CSTR-DDPG framework produced lower RMSE values than the linear-model
DDPG baseline for all three controlled variables. The largest improvement was observed for ammonia, followed by
pH and dissolved oxygen. These results suggest that the nonlinear simulation environment provides a more expressive
representation of coupled water-quality dynamics than the linear baseline. However, because the evaluation was
conducted entirely in simulation, the result should be interpreted as simulation-based performance improvement rather
than physical validation of the proposed model. Figure 2 presents the RMSE comparison between the linear-model
DDPG baseline and the nonlinear CSTR-DDPG framework.
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Figure 2. RMSE comparison between the linear model and nonlinear CSTR-based simulation model.
3.2.DDPG learning convergence

The second evaluation examined the learning convergence of the DDPG agent in the nonlinear simulation environment.
The reward curve was used to observe whether the agent gradually learned a more stable control policy during training.
Because the convergence analysis is based on a single training curve, no claim is made regarding variance across
random seeds or statistical robustness of episode-level performance. The reward trajectory shows three learning phases.
During the early stage, the cumulative reward was highly unstable and remained mostly in the negative region. This
indicates that the agent was still exploring the continuous action space and had not yet learned effective control
behavior. In this phase, unsafe or inefficient actions may occur more frequently, such as excessive feeding or
insufficient aeration.

During the middle stage, the moving average reward increased gradually, indicating that the agent started to learn the
relationship between control actions and water-quality response. The agent began to avoid actions that produced unsafe
ammonia accumulation or dissolved oxygen reduction. After the later training stage, the reward curve became more
stable and approached a positive region. This suggests that the DDPG agent reached a more consistent control policy
in the simulation environment. Nevertheless, the convergence result only demonstrates learning stability within the
simulated setting. Figure 3 presents the cumulative reward obtained during DDPG training in the nonlinear simulation
environment.

Cumulative Reward

=20 Raw Reward
== Moving Average (Window=50)
-==Convergence Threshold

0 200k 400k 600k 800k 1.0M
Timesteps

Figure 3. Cumulative reward convergence of DDPG training in the nonlinear simulation environment.
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3.3. Closed-Loop control behavior

The closed-loop behavior of the trained DDPG policy was further examined to determine whether the learned actions
were consistent with water-quality control objectives. During evaluation, the deterministic actor output was used
without exploration noise. The agent adjusted aeration, feeding, and filtration actions based on the observed state of
dissolved oxygen, ammonia, pH, temperature, BOD, and COD. When ammonia increased, the learned policy tended
to reduce feeding input and increase filtration support. When dissolved oxygen decreased, the policy increased aeration
intensity to restore the system toward the safe operating range. These responses indicate that the agent learned
coordinated control behavior from the multivariable state representation. Nevertheless, this behavior was observed only
within the simulation environment. Therefore, further testing with real actuators, sensor noise, response delay, and
biological variability is required before practical implementation.

3.4. Hyperparameter sensitivity

The sensitivity analysis was conducted as an exploratory assessment to examine how selected DDPG hyperparameters
affected reward convergence and policy stability. The tested hyperparameters included critic learning rate, replay buffer
size, discount factor, soft update coefficient, and exploration noise. The results are summarized in table 5.

Table 5. Sensitivity of selected DDPG hyperparameters

Hyperparameter Test Range Selected value Observed effect

Critic learning rate 7, 1076 — 1072 5x107* Influenced reward convergence
Replay buffer size B 10* — 10° 105 Influenced reward stability
Discount factor y 0.90 - 0.99 0.95 Influenced long-term reward

Soft update coefficient t 0.001 — 0.05 0.005 Larger values produced policy oscillation
Exploration noise ¢ 0.01 —-0.10 0.05 Influenced exploration and action stability

The sensitivity analysis indicates that DDPG performance is affected by learning rate, replay buffer size, discount
factor, target-network update rate, and exploration noise. However, this analysis was exploratory and was not intended
as a full statistical ablation study. Repeated training with multiple random seeds, confidence intervals, and statistical
significance testing should be included in future work to provide a more rigorous evaluation of hyperparameter effects.

3.5. Cumulative reward comparison

The final evaluation compared the cumulative reward obtained by the nonlinear CSTR-DDPG framework and the
linear-model DDPG baseline. To avoid ambiguity, RMSE values are reported only in table 4, while this subsection
focuses on reward-based control performance. The cumulative reward comparison is presented in table 6.

Table 6. Cumulative reward comparison between nonlinear CSTR-DDPG and linear-model DDPG

Metric Nonlinear CSTR-DDPG Linear-model DDPG Difference
Cumulative reward per episode 850 600 +41.7%

As shown in table 6, the nonlinear CSTR-DDPG framework achieved a higher cumulative reward than the linear-model
DDPG baseline. This result suggests that the nonlinear simulation environment helped the agent learn more stable
control behavior under the defined reward structure. However, because the result is reported as a single-value
comparison, it should be interpreted cautiously. Future evaluation should include repeated runs, standard deviation,
confidence intervals, and comparisons with alternative RL algorithms such as TD3, SAC, PPO, and other continuous-
control methods.

4. Discussion

The results of this study indicate that a nonlinear CSTR-based simulation environment can provide a more informative
training condition for DDPG-based water-quality control than a linear model-based baseline. The lower RMSE values
obtained for DO, NHs, and pH suggest that the nonlinear formulation is better able to represent the coupled response
of key water-quality variables under simulated nano-tank dynamics. This improvement can be explained by the
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inclusion of oxygen transfer, ammonia-related nitrification, organic-load effects, temperature influence, and pH
response, whereas the linear baseline assumes simpler proportional state transitions [6], [22].

The improvement in ammonia prediction and control is particularly important because ammonia is strongly affected
by feeding input, organic decomposition, filtration, and nitrification [ 7], [10]. In a nano aquatic system, a small increase
in feeding or organic load can lead to a relatively large change in ammonia concentration. Therefore, the inclusion of
temperature, BOD, and COD as supporting state variables helps represent the broader transition dynamics that
influence short-term water-quality stability. The reward convergence results shows that the DDPG agent gradually
learned a more stable control policy within the simulation environment. During early training, the reward curve was
unstable because the agent explored different combinations of aeration, feeding, and filtration. As training progressed,
the moving average reward increased, indicating that the agent learned to avoid actions that produced unsafe deviations
in DO, ammonia, or pH. However, this result demonstrates learning stability only within the simulated environment
and should not be interpreted as evidence of fully validated physical autonomous control.

The learned policy also showed behaviour consistent with water-quality management objectives. When ammonia
increased, the agent tended to reduce feeding input and increase filtration or aeration support. When DO decrease, the
agent increased aeration and avoided actions that could further increase oxygen demand. This coordinated response is
useful because nano aquatic systems are multivariable environments, where feeding decisions may affect ammonia
accumulation, oxygen consumption, and pH stability [7], [10].

The comparison between the nonlinear CSTR-DDPG framework and the linear-model DDPG baseline suggests that
the quality of the simulation environment strongly affects the learned control policy. Both approaches use the same
DDPG algorithm and reward structure, but they differ in the model used to generate state transitions. The higher
cumulative reward and lower RMSE values obtained by the nonlinear CSTR-DDPG framework indicate that the agent
benefits from a more expressive simulation environment. The hyperparameter sensitivity results show that DDPG
performance is affected by learning rate, replay buffer size, discount factor, soft update coefficient, and exploration
noise. In particular, the soft update coefficient must remain small to avoid unstable target-network updates. The selected
value of (=0.005) provided stable updates within the tested range, while larger values produced policy oscillation.

It is important to clarify that this study does not claim direct experimental superiority over tuned PID, fuzzy logic, or
other conventional controllers because these methods were not implemented as direct baselines. Previous studies have
demonstrated the importance of comparing reinforcement-learning controllers with conventional control approaches
under consistent operating conditions [14]. Future studies should therefore include tuned PID, fuzzy logic, model
predictive control, and other reinforcement learning algorithms to provide a broader comparative evaluation.

The findings have practical implications for simulation-based control design in nano aquatic systems. A small-volume
tank is sensitive to disturbance, and direct trial-and-error learning on a physical tank may be risky for aquatic organisms.
Training the DDPG agent in a nonlinear simulation environment provides a safer preliminary step before physical
testing. Safety constraints are particularly important when reinforcement learning is applied to systems in which
exploratory actions may produce undesirable operating conditions [24]. However, simulation cannot fully represent all
real-world uncertainties. Real sensors may introduce noise and drift, actuators may have delays or limited precision
[5],[21]. Biological responses may vary across species, feeding regimes, and tank conditions. These factors may affect
the performance of a policy that appears stable in simulation.

The main limitation of this study is that the evaluation remains simulation-based. Physical closed-loop validation using
calibrated sensors, real actuators, communication-delay analysis, and actual nano-tank experiments have not yet been
conducted. In addition, the model does not explicitly represent individual organism behaviour, microbial population
dynamics, long-term ecological adaptation, or sensor and actuator failure. The study also focuses on a single nano
aquatic configuration, so generalization to different tank sizes, species, stocking densities, and multi-tank systems
remains to be evaluated.

In addition, the present study does not yet evaluate sample efficiency across different reinforcement learning
algorithms. The DDPG agent was trained for 200,000 timesteps, but this single training budget does not show whether
the proposed framework learns faster or slower than alternative algorithms such as TD3, SAC, or PPO. Therefore, the
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reported convergence curve should be interpreted only as evidence that the DDPG policy can learn a stable policy
within the proposed simulation environment, not as proof of superior sample efficiency. Future studies should compare
learning curves, final rewards, training stability, and computational time across multiple RL algorithms under the same
nonlinear simulation environment.

A practical sim-to-real transfer strategy is also required before physical deployment. A possible transfer procedure
includes calibrating the nonlinear simulation model with real nano-tank sensor data, adding sensor noise and actuator
delay during simulation training, validating the trained policy in a shadow mode without directly controlling the
actuators, and gradually moving from supervised semi-autonomous operation to full closed-loop control. This staged
deployment is necessary because real sensors may drift, actuators may respond with delay, and biological conditions
may vary over time. Without this step, the learned policy should not be considered ready for autonomous physical
operation. Future research should validate the proposed framework in a real nano tank with calibrated sensors and
controllable actuators. Future studies should also incorporate sensor noise, actuator delay, and hardware failure
scenarios, and compare DDPG with PID, fuzzy logic, model predictive control, and alternative deep reinforcement
learning algorithms under the same evaluation setting.

5. Conclusion

This study developed a simulation-based DDPG framework for water-quality control in nano aquatic systems. A
nonlinear CSTR-based simulation model was formulated to represent the coupled dynamics of dissolved oxygen,
ammonia, pH, temperature, BOD, and COD, and was integrated into an OpenAl Gym-compatible reinforcement
learning environment. The DDPG agent learned continuous control actions for aeration, feeding, and filtration within
the simulated nano-tank setting. The nonlinear CSTR-DDPG framework produced lower RMSE values than the linear-
model DDPG baseline, with reductions of 45.2% for dissolved oxygen, 64.0% for ammonia, and 61.3% for pH. It also
achieved a higher cumulative reward under the same reward structure. These results suggest that the nonlinear
simulation environment provided a more informative training setting for DDPG-based control than the linear transition
model.

However, the findings should be interpreted within the scope of simulation-based evaluation. The trained policy has
not yet been validated in a physical closed-loop nano tank with calibrated sensors, actuator dynamics, communication
delays, and biological variability. Future work should validate the framework in a real nano-tank system, incorporate
sensor noise and actuator-delay models, compare DDPG with TD3, SAC, PPO, PID, fuzzy logic, and model predictive
control, and evaluate robustness across multiple random seeds.
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   [ 0 , 1 ]


    u  f e e d , t


   [ 0 , 0 . 1 ] g


    u  f i l t e r , t


   [ 0 , 1 ]


      a ~  t = clip  (   a  t ,   a  min ,   a  max )


    a  min =  [ 0 , 0 , 0 ] ,         a  max =  [ 1 , 0 . 1 , 1 ]


      a ~  t =  [     u ~  a e r , t ,     u ~  f e e d , t ,     u ~  f i l t e r , t ]


    s  t + 1 = F  (   s  t ,   a  t ,   𝜉  t )


  F  ( ∙ )


    s  t


    a  t


    𝜉  t


    𝜉  t


    d D O  d t =   K  L a  (   u  a e r , t , T )  (   D O ∗ − D O ) −   k  r e s p  ( T ) D O −   k  n i t  (   N H 3 , D O , T ) D O −   k  B O D  ( B O D , T ) D O +   𝜉  D O


    K  L a  (   u  a e r , t , T )


    D O ∗


    k  r e s p  ( T )


    k  n i t  (   N H 3 , D O , T )


    k  B O D  ( B O D , T )


    𝜉  D O


    K  L a  (   u  a e r , t ,   T  t ) =   K  L a , 0 +   K  L a , m a x   u  a e r , t   𝜃  a e r   (   T  t − 25 )


    k  r e s p  (   T  t ) =   k  r e s p , 0   𝜃  r e s p   (   T  t − 25 )


    k  r e s p  (   T  t ) =   k  r e s p , 0   𝜃  r e s p   (   T  t − 25 )


    k  n i t  (   N H  3 , t ,   D O  t ,   T  t ) =   k  n i t , 0  (     N H  3 , t    K    N H 3 +   N H  3 , t )  (     D O  t    K DO +   D O  t )   𝜃  n i t   (   T  t − 25 )


    k  n i t  (   N H  3 , t ,   D O  t ,   T  t ) =   k  n i t , 0  (     N H  3 , t    K    N H 3 +   N H  3 , t )  (     D O  t    K DO +   D O  t )   𝜃  n i t   (   T  t − 25 )


    k  B O D  (   B O D  t ,   T  t ) =   k  B O D , 0  (     B O D  t    K BOD +   B O D  t )   𝜃  B O D   (   T  t − 25 )


    k  B O D  (   B O D  t ,   T  t ) =   k  B O D , 0  (     B O D  t    K BOD +   B O D  t )   𝜃  B O D   (   T  t − 25 )


    d   N H 3  d t =   g  f e e d  (   u  f e e d ) −   k  n i t  (   N H 3 , D O , T )   N H 3 −   k  f i l t e r  (   u  f i l t e r )   N H 3 +   𝜉    N H 3


    g  f e e d  (   u  f e e d )


    k  n i t  (   N H 3 , D O , T )


    k  f i l t e r  (   u  f i l t e r )


    g  f e e d  (   u  f e e d , t ) =   𝜂  f e e d   u  f e e d , t


    k  f i l t e r  (   u  f i l t e r , t ) =   k  f i l t e r , 0   u  f i l t e r , t


    k  f i l t e r  (   u  f i l t e r , t ) =   k  f i l t e r , 0   u  f i l t e r , t


    𝜂  f e e d


    k  f i l t e r , 0


    d p H  d t = −   𝛼  n i t   k  n i t  (   N H 3 , D O , T ) +   𝛽  p H  (   p H  r e f − p H ) +   𝜉  p H


    𝛼  n i t


    p H  r e f


    𝛽  p H


    d T  d t =   𝜆  T  (   T  a m b − T ) +   𝜉  T


    T  a m b


    𝜆  T


    d B O D  d t =   g  B O D  (   u  f e e d , t ) −   k  d e g  (   B O D  t ,   D O  t ,   T  t )   B O D  t −   k  f i l t e r , B O D  (   u  f i l t e r , t )   B O D  t +   𝜉  B O D


    d C O D  d t =   g  C O D  (   u  f e e d , t ) −   k  C O D  (   C O D  t ,   T  t )   C O D  t −   k  f i l t e r , C O D  (   u  f i l t e r , t )   C O D  t +   𝜉  C O D


    d C O D  d t =   g  C O D  (   u  f e e d , t ) −   k  C O D  (   C O D  t ,   T  t )   C O D  t −   k  f i l t e r , C O D  (   u  f i l t e r , t )   C O D  t +   𝜉  C O D


    g  B O D  (   u  f e e d )


    g  C O D  (   u  f e e d )


  V


  Δ t


    D O ∗


    p H  r e f


    K  L a , 0


    K  L a , m a x


    𝜃  a e r


    𝜃  r e s p


    𝜃  n i t


    𝜃  B O D


    k  r e s p , 0


    k  n i t , 0


    K    N H 3


    K DO


    k  B O D , 0


    K  B O D


    𝜂  f e e d


    k  f i l t e r , 0


    𝛼  n i t


    𝛽  p H


    𝜆  T


    k  d e g


    k  C O D


    𝜉  D O


  𝒩  ( 0 ,   0 . 05 2 )


    𝜉    N H 3


  𝒩  ( 0 ,   0 . 002 2 )


    𝜉  p H


  𝒩  ( 0 ,   0 . 01 2 )


    𝜉  t


  𝒩  ( 0 ,   0 . 10 2 )


    𝜉  B O D ,   𝜉  C O D


    k  n i t  (   N H 3 , D O , T )


  f  (   s  t ,   a  t )


    k 1 = ∆ t f  (   s  t ,   a  t )


    k 2 = ∆ t f  (   s  t +  1 2   k 1 ,   a  t )


    k 2 = ∆ t f  (   s  t +  1 2   k 1 ,   a  t )


    k 3 = ∆ t f  (   s  t +  1 2   k 2 ,   a  t )


    k 3 = ∆ t f  (   s  t +  1 2   k 2 ,   a  t )


    k 4 = ∆ t f  (   s  t +   k 3 ,   a  t )


    k 4 = ∆ t f  (   s  t +   k 3 ,   a  t )


    s  t + 1 =   s  t +  1 6  (   k 1 + 2   k 2 + 2   k 3 +   k 4 )


    s  t + 1 =   s  t +  1 6  (   k 1 + 2   k 2 + 2   k 3 +   k 4 )


  ∆ t = 6


  D O < 2   mg/L


    N H 3 > 1   mg/L


   (   s  t + 1 ,   R  t , d o n e , i n f o )


  t


    R  t =   w  D O   R  D O , t +   w    N H 3   R    N H 3 , t +   w  p H   R  p H , t +   w  u   R  u , t +   w  s   R  s a f e , t


    R  D O , t


    R    N H 3 , t


    R  p H , t


    R  u , t


    R  s a f e , t


    R  D O , t =  {   1 ,  −    |   D O  t − 6 . 5 |  6 . 5 ,       5 ≤   D O  t ≤ 8  otherwise


    R    N H 3 , t =  {    1 ,   − 1 ,   −   N H  3 , t   ,          N H  3 , t < 0 . 02     N H  3 , t > 0 . 5   otherwise


    R  p H , t =  {   1 ,  −    |   p H  t − 7 . 2 |  7 . 2 ,       6 . 5 ≤   p H  t ≤ 8 . 0  otherwise


    R  u , t = −    ‖   a  t −   a  t − 1 ‖ 2 2


    R  s a f e , t =  {   − 1 ,  0 ,         D O  t < 2   or     N H  3 , t > 1  otherwise


    w  D O = 0 . 25


    w    N H 3 = 0 . 30


    w  p H = 0 . 20


    w  u = 0 . 10


    w  s = 0 . 15


    s  t


    a  t


    R  t


    s  t + 1


    𝜋  𝜃  ( s )


    Q  𝜙  ( s , a )


    y  t =   R  t + 𝛾  ( 1 −   d  t )   Q    𝜙 ′  (   s  t + 1 ,   𝜋    𝜃 ′  (   s  t + 1 ) )


  𝛾


    d  t


    Q    𝜙 ′


    𝜋    𝜃 ′


  L  ( 𝜙 ) = 𝔼  [    (   Q  𝜙  (   s  t ,   a  t ) −   y  t ) 2 ]


   ∇  𝜃 J ≈  1   | B |   ∑  s ∈ B   ∇  a   Q  𝜙  ( s , a )  │  a =   𝜋  𝜃  ( s )  ∇  𝜃   𝜋  𝜃  ( s )


    𝜙 ′ ←  ( 1 − 𝜏 )   𝜙 ′ + 𝜏 𝜙


    𝜃 ′ ←  ( 1 − 𝜏 )   𝜃 ′ + 𝜏 𝜃


    𝜃 ′ ←  ( 1 − 𝜏 )   𝜃 ′ + 𝜏 𝜃


   (   s  t ,   a  t ,   R  t ,   s  t + 1 ,   d  t )


  𝜏


  1 ×  10  − 4


  5 ×  10  − 4


   ( 𝜎 = 0 . 05 )


  𝜎 = 0 . 05


  R M S E =   1  n   ∑  i = 1  n     (   y  i −     y ^  i ) 2


    y  i


      y ^  i


    𝜂  c


   10  − 6 −  10  − 2


  5 ×  10  − 4


   10 4 −  10 6


   10 5


  0 . 90 − 0 . 99


  0 . 95


  0 . 001 − 0 . 05


  0 . 005


  0 . 01 − 0 . 10


  0 . 05

